In this paper, we propose to model the number of insured cars per household. We use queuing theory to construct a new model that needs 4 different parameters: one that describes the rate of addition of new cars on the insurance contract, a second one that models the rate of removal of insured vehicles, a third parameter that models the cancellation rate of the insurance policy, and finally a parameter that describes the rate of renewal. Statistical inference techniques allows us to estimate each parameter of the model, even in the case where there is censorship of data.
Introduction
In recent years, a value that has gained interest in actuarial science is the lifetime customer value, see Guillén et al. (2012) , Guelman et al. (2014) or Faris et al.(2010) for a general overview. This is a term from the marketing field that allows targeting of long-term clients. In insurance, it is a value that an insurer can assign to each insured, calculated by discounting all the future profits of this insured. Its application to the field of insurance is particularly recent (see Verhoef and Donkers, 2001 ), possibly because of the complexity of the actuarial field. To calculate the lifetime customer value of each client, as well as other useful statistics, we propose to model the number of insured cars per household. We use queuing theory (see Gross et al. 2008 for an overview) to construct a new model that needs 4 different parameters: one that describes the rate of addition of new cars on the insurance contract, a second one that models the rate of removal of insured vehicles, a third parameter that models the cancellation rate of the insurance policy, and finally a parameter that describes the rate of renewal. Furthermore, by using regression methods, we identify insured profiles that are more interesting for insurers. Using car insurance data, a numerical illustration taken from a portfolio from a Canadian insurance company is included to support this discussion.
In the second part of the paper, we propose the first approach to model the number of insured vehicles. This includes a process to model the arrival of new vehicles and another process to model the removal of insured vehicles from an existing insurance contract. A third process to model the renewal process will also be added to the model. In Section 3, we generalize the model of Section 2 to include a process that models cancellations during the contract. In Section 4, we propose a method to estimate the parameters of the models, for complete and for censored data. Covariates representing the characteristics of each household will then be added into each parameters of the process. In Section 5, we apply the model and calculate several useful statistics, such as the expected number of insured vehicles or the lifetime customer value. Section 7 concludes paper.
Definition of terms
The term household is used to designate a single customer, or an insured. This household can include several members (or drivers) and several cars grouped under one annual insurance contract, which can be renewed each year. The contract represents the document that binds the insurer with the insured household. In this paper, we focus on the number of cars that the contract covers and that are owned by the same household. By extension, added cars and removed cars from the insurance contracts are also analyzed. Finally, at any time during the insurance coverage, a household can decide to cancel its contract, meaning that all the insured cars are also canceled accordingly. We call this event a breach of contract or a cancellation.
Data Used and Notations
The use of queuing theory is based on the different waiting times before a change in the number of insured cars. We base our research on empirical analyses that come from a Canadian car insurance We also have information about new or broken contracts, contract renewal, added or removed cars. Section 4.3 analyzes the database used in detail, and describes the insurance data more precisely, particularly the characteristics of each of these policies.
A graphical analysis of several waiting times involved in the modeling is presented. First, in Figure 1 .1, the distribution of the life of an insurance policy (in years) is shown. By the life of an insurance policy, we mean the time between the effective date of a new contract and the date of a non-renewal, between the effective date of a new contract and the date of a cancellation. From the figure, we can see that there is a shock at each contract renewal date. Aside from that shock, we can also observe a decreasing exponential trend in the data. The color code shows that the vast majority of departures happens when there is only one insured car on the insurance policy. Also in Figure 1 .1, the time before the addition of a car on an existing insurance contract is shown. The last graph of Figure 1 .1 shows the time before a removal of a car on a policy, which remains in force despite the removal of a car, is shown. Again, we can see an exponential trend, shocks at each contract renewal date, even if these shocks are less important than the ones observed in the first graphs. The major purpose of our project is thus to create a mathematical model that will be able to approximate those observations. Let ( ) be a random variable representing the number of elements in a queuing system at time . In our case, the number of elements is the number of insured cars for a specific household. The probability function of the number of insured cars will be expressed as Pr{ ( ) = } = ( ). The 
Finally, the conditional probabilities will be represented and noted as ( , ) ( , ) = Pr{ ( ) =
Modeling the number of vehicles
In this section, we introduce how queuing theory, based on Newell(1982) , can be used to model the number of insured cars. We first introduce the Poisson process to model the arrival of a new vehicle, and we add another process to model the removal of cars from the contract. Less details will be given in this part of the paper because the results only need basic knowledge of queuing theory.
Nonetheless, this introduction to queuing theory allows us to explain some tools that will be used in complex models, such as the one developed in Section 3.
Addition and removal of vehicles
In a pure birth process also called the Poisson process and illustrated in Figure 2 .1, there is only one component of arrival, defined by a parameter . The Chapman-Kolmogorov equations, defined in our context by:
for < can be found. We interpret this equation by the fact that probability can be defined by the sum of all the different paths for a short time period. These equations thus require us to 0 1 2 3 . . .
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Figure 2.2: / /∞ Model find the conditional probabilities of the system, at some level at time + Δ , knowing that the process was at the level at time . This is expressed as:
where lim Δ →0 (Δ ) Δ = 0. For this first model, it can be shown that the probability function can be expressed as:
which represents the classic Poisson distribution.
To obtain a model that is more realistic, we add a service component (which can also be called a death component) to the pure birth process. This is illustrated in Figure 2 In other words, we are working with a dynamic modeling of a population that grows at a constant rate , and dies at a rate , with representing the number of elements in the population at a specific time. In our context, the population is the number of cars in the household and therefore the new cars are added to the insurance contract at a rate , while vehicles leave the same insurance contract at an individual rate of . For this model, the conditional probabilities are:
For this well-known model in queuing theory, it can be shown that the probability function is expressed as:
The probability generating function is expressed as:
where (0) = , that means that the initial number of insured cars (at time 0) is .
Renewal of the vehicles
It is possible to add flexibility to the model / /∞ by generalizing the component service process.
Such a generalization means that the second of the acronym should be replaced by a (meaning general distribution). The proposed generalization allows us to incorporate a shock at the renewal time for each car. Indeed, as empirically shown in Figure 1 .1, there is a higher probability that a car will be removed from the insurance contract at its annual renewal.
Based on Benes(1957a) , the model is constructed by separating the process into several components modeling the number of cars. Indeed, we can suppose that the process ( ) can be expressed as ( ) = ( ) − ( ). In this case, the process ( ) will count the number of arrivals of new cars in the system until time , and the process ( ) will count the number of departures of cars from the insurance contract until time . When (0) = 0, it can be shown that the probability function can be expressed as:
from which we recognize a Poisson distribution with parameters . The parameter can be interpreted as a survival probability, and can be defined as:
where (⋅) is the survival function of the service time. For car insurance, for example, we could include a shock that would happen at each renewal anniversary using the following function: 6) where represents the probability of renewal of the insurance contract.
Model with a period of inactivity
It would be interesting to generalize the model to include a possible cancellation of the contract, meaning that all vehicles insured in the same household leave the insurance company simultaneously.
This model has to be constructed by adding a Poisson process that allows moves from levels ≥ 1 to 0 at a rate , recreating the effect of a cancellation. Figure 3 .1 illustrates this model. By studying this new model, we see, however, that it generates a conceptual problem. Indeed, the model allows the possibility that a new vehicle is added to an insurance contract even if the insurance contract has not had insured vehicles (state 0) for a while. This is counterintuitive: it seems more logical to believe that a policy without insured vehicle is simply cancelled. In this sense, the state 0 of this model should simply be an absorbent state.
However, further empirical analysis of the data points to a slightly more complex situation.
Indeed, it sometimes happens that an insurance policy without an insured car is not cancelled. It means that sometimes a new vehicle is added to an existing insurance contract without insured cars.
In our data, this happened 1340 times, and the average time spent in the state 0 is almost half a year (0.4789).
This represents a form of inactivity of the contract, which allows reactivation of the contract when a new vehicle is added to the contract. One could think of situations such as storage of the last vehicle of the policy, the presence of another type of insurance (home or otherwise) associated with an automobile policy and preventing the complete cancellation of the policy. There are also other more specific explanations for this situation. In this sense, empirically, we cannot consider the state without an insured vehicle as an absorbent level. However, the presence of an absorbent level that represents the final and decisive cancellation of a contract must be considered. This state will simply not be the one corresponding to a contract without an insured car, but a slightly different one.
We therefore propose a model such as the one shown in Figure 3 .2. In this model, a new state is created and identified as 0 * . This new level is an absorbing state from which it is no longer possible to add vehicles 1 . In other words, the level 0 * is accessible only in cases where the contract is cancelled. It is thus noted that the passage to 0 * occurs at a rate for each level. Although we will explore this situation in more detail in Section 4, we would like to highlight a conceptual difficulty of this new model. In the case of a policy with only one vehicle, empirically, the cancellation of the last vehicle is similar to the cancellation of the contract. In this sense, it is not clear whether the policy has been canceled (and enters the absorbing state 0 * ) or if the insurance contract is simply in a period of inactivity (state 0). We will propose a solution to this problem later. is alive at time t, or ( ) = 1, when the insurance contract is in force, or in other words, when the contract has not been broken. An alive process without insured vehicles is simply considered inactive, and at the state 0. Conversely, a death process, or ( ) = 0 means that the household has cancelled its insurance contract and the absorbing state 0 * has been reached.
Modeling
For this model, the Chapman-Kolmogorov equations should have been used to find the transition probabilities, from which difference-differential equations can be found. We instead use a simpler form of mathematical development. We first make the assumption that the time process related to the random variable ( ) is exponentially distributed. In other words, we suppose that the time between the beginning of the contract and the end of the contract is ∼ Exponential( ).
Consequently, we have ( ) = 0 when > and:
We can then define the number of insured cars for both situations:
1. The case ( ) = 1: As long as the household is insured, the processes of adding and removing vehicles are active. As such, we can model the number of insured cars ( ) with the / /∞ queuing model seen previously.
2. The case ( ) = 0: When the cancellation occurs, the number of insured cars is 0. We then have Pr( ( ) = 0| ( ) = 0) = 1.
Consequently, the joint PGF for ( ) and ( ) can easily be developed:
The PGF of the / /∞ model can be recognized from the right part of the equation, where the equation (3.1) is added.
Adding Shock at the Renewal
At each policy anniversary, the insured has to renew his insurance contract. It is possible to modify the probability generating function by adding a Bernoulli trial that models this situation. To do this, equation (3.1) is modified to add a renewal probability :
The variable still represents the time in years, while the notation ⌊⋅⌋ is the floor function. At each policy anniversary for < 1, this function causes an increase in the probability of cancellation.
It is easy to rewrite equation (3.2) with this new definition to have the following result:
which now represents the final process that we finally proposed to model the number of insured cars.
Statistical Inference
It is possible to estimate parameters , , and of the model by maximum likelihood. The estimation technique requires finding the joint probability density, and to adjust it based on observations of the database. Some assumptions must be made in order to be able to use the information available from the database. We will first summarize the steps of estimating the parameters of a simplified model where it is possible to distinguish each event. Then, by introducing data censorship as well as explanatory variables, the model will be adapted and generalized.
Complete Data

Notations
To estimate all parameters of the new model, a list of variables that are used in the likelihood function must be presented. All events observed during the life of the insurance policy will be noted as:
1. , the number of insured cars that were added on the insurance contract, excluding the cars already insured at the beginning of the first contract;
2. , a binary variable, taking a value of 1 if all the cars of an insurance policy are canceled at the policy anniversary date. In other words, = 1 if there is no contract renewal; 3. , a binary variable taking a value of 1 if the household has broken its contract at a different time than the anniversary of the policy. In other words, = 1 if there is a contract cancellation;
4. , the number of times the removal of a car from the insurance contract was observed.
Thus, the total number of events, noted , is equal to the sum of all the previous elements, such as = + + + . We also propose notations for all the variables specifying a time information about the insurance contract:
1. , the time of occurrence (in years) of the th event affecting the number of insured cars;
2.˜ the time period (in years) between the ( − 1) th and the th event, where˜ = − −1 ,
3. , the number of years the insurance contract was alive or inactive, where = ∑ =1˜ and hence = ;
4. Finally, we define respectively by , Σ, and the random variables that define the time before the occurrence of an event of type , , or .
We then have:
1. , a variable that counts the number of cars immediately before the th event;
2. , the sum of the exposure time (in years) of all cars in a household so that =´ 0 ( ) = ∑ ˜ .
Likelihood function
The likelihood functions are developed based on the work of Benes(1957b) for the / /∞ model.
To estimate the parameters, we will build the conditional likelihood function based on the initial state. In this sense, we are not interested in the number of cars already insured in the portfolio (we work with this initial assumption), but only on processes that affect the number of cars in the future. Under the assumptions assumed in the design of the system, these variables were defined as
To define the joint distribution of all events for a single household, we have to analyze all possible cases. For example, knowing that the first event is the addition of a new vehicle on the insurance contract, observed at time˜ 1 , we obtain:
where ℎ( ) is a function that counts the number of times a specific household was in a renewal position before time . This equation was developed using the properties of the first event of a joint distribution of exponentials. Then, by a similar development, it is possible to find the probability that the first event is respectively a removal of a car from the insurance contact, a cancellation or a non-renewal 2 :
Thereafter, knowing that exponential processes do not have memory, it is possible to calculate the product of all events to obtain the joint distribution of all events of a single household:
where the constant terms have been removed from the second equation because they are not used in computing of the maximum likelihood method. For all Φ households, the loglikelihood function can be expressed by: 6) where the subscript identify each household. Finally, by maximizing the loglikelihood function,
we can obtain the following estimators:
Incomplete Data
Given that the time horizon of the sample is only 5 years, it is not always possible to observe the whole lifetime of an insurance policy. Consequently, the data that we are working with are necessarily censored and it is not possible to perform the estimation techniques based on complete data. To estimate the parameters correctly, important assumptions must be made. In this sense, we note a new variable Ω is the observation date of the database. For example, in the case of our empirical analysis, this date is December 31, 2007.
Thus, we do not know what happened to a policy that had not been canceled before that date.
Maybe the policy was canceled in 2008, or is still active in 2014. For those contracts, we must add to the likelihood function the time period between the last observed event and Ω, i.e. a probability function that indicates that no events occur during that time interval. This corresponds to the joint probability of survival of 4 events. It is therefore fair to say, by independent random variables, that:
Inactive vs Canceled
When there is censorship, we must distinguish between inactive insurance contract (state 0) and canceled insurance contracts (state 0 * ). Indeed, in cases where only one vehicle was insured at time , i.e. = 1, an event and an event looks similar.
Let us first note this situation by a new indicator variable (Ω − ) = = 1, meaning that this unknown state has a duration of Ω − . By the properties of the exponential function, by summing equations (4.2) and (4.3), we obtain the probability that the household enters the unknown state at time . This probability is expressed by −( + + )˜ ℎ(˜ ) ( + ), which one may incorporate in the likelihood function.
By the properties of the exponential distribution, the probability that the household is in state 0 * (event ) or in state 0 (event ) are respectively:
It is possible to include the time Ω − in the likelihood function to know which state between and is the most probable.
When no possibility of renewal is possible between time and Ω, 3 situations are possible at time :
1. An event occurred at , which implies that the insurance policy is canceled;
2. An event occurred at and no other event has occurred up to Ω. This implies that the insurance policy is inactive.
3. An event occurred in and an event occurs during the period ( , Ω), thus canceling the insurance policy.
Instead of calculating each of these probabilities, it is easier to calculate the complementary probability. This complementary probability corresponds to a single event: the occurrence of an event at time followed by an arrival during the period ( , Ω). This probability can be calculated as follows:
This corresponds to the product of three probabilities: the probability that an event occurs at , the probability that events or occur before Ω and the probability that this last event is a vehicle entrance ( ). It is important to note that this equation should be used only in cases where there is no possibility of renewal in the unknown period. Consequently, we need to generalize this equation to include each contract renewal in the calculation of the probability of remaining in the unknown state. To do this, it is necessary to separate the probability of arrival of a vehicle according to each year.
But first, several elements must be explained in detail. First, it should be noted that time , corresponding to the moment when the status of the insured becomes unknown, does not necessarily match the time of the policy renewal. This means that the time period before the first renewal, and the last period before Ω (if different) are less than one year.
Consequently, if there is at least one renewal during the unknown period Ω − , a way to write the unknown time part of the year before the first renewal is 1 − { }, where {⋅} is the fractional part function. Similarly, the time part of the year before Ω can be written as {Ω}, and the total number of renewals will be ⌊Ω⌋ − ⌊ ⌋ = . We then have:
Before first renewal after
Between the first and second renewal after
This equation can be understood as the sum of many possibilities occurring between each renewal. The first element is simply the probability that an event occurs before the first renewal after . The second element of the sum is also the probability that an event occurs, but between the first and the second renewal after . In this case, the probability must also consider the fact that the insurance policy should have been renewed at the first renewal after . All other situations, between potential renewal and + 1, for = 3, ... must also be calculated, so that:
where a simplification is done using the properties of geometric series. Cases when = 0 and > 0 can be combined to obtain:
The case where = 1 gives the result shown by equation (4.10). Finally, for the sake of simplification, as already noticed, we calculated the complementary probability.
Following the correction of the model to include situations where it is difficult to distinguish between inactive and canceled insurance policy, the likelihood function (4.5) must be adjusted by adding the term 1 − ( , Ω): 
Numerical Applications
The model was applied to the insurance dataset described in Section 1.2, and all 4 estimated parameters appear in Table 4 .1. The value ofˆ means that, for an active contract, at each 0.07303 −1 = 13.69
years in average, a new car will be added to the contract. The value ofˆ means that each car has an average life of 0.08277 −1 = 12.08 years into an insurance contract. It should be noted that the arrival rate of cars is not enough to compensate for the rate of departure of cars sinceˆ <ˆ .
Note also that the annual renewal rate is about 92 % and that the probability of cancellation is approximately equal to 4%. For the insurer analyzed in this paper, arrival of new insureds would then be needed to ensure long term profitability.
Covariates
Intuitively, we know that some household profiles are more likely to add or remove cars on their insurance contract. Similarly, we may think that some profiles cancel more than others or that certain types of policyholders have a lower or higher rate of renewal. Thus, the addition of covariates into each parameters of the queuing process seems justified.
Covariates selected to define the vector of each household are provided in Table 4 .3.1. The effective dates of the insurance contract were used to show the stability of households insuring on July. Even if the characteristics of a household can change over the year, to simplify, only the characteristics observed in the first contract are considered. We consider that the effect is minimal, because the time horizon of the database is quite short, and a majority of households keep the same characteristics over the year. However, future research might consider improving the modeling.
A link function ( ) is then associated with each parameter, where is the vector of parameters to be estimated. In our model, the parameters satisfy , , ∈ ℝ + , consequently a logarithmic link function is chosen because this link function allows parameters to be always positive. Moreover, because the parameter that models the renewal probability must satisfy ∈ [0, 1], we use the logit Variable Description X1 equals 1 if the household comes from the general market (as opposed to group insurance) X2 equals 1 if the household has at least one rented car X3 equals 1 if the insureds are not married X4 equals 1 if the household is with the insurance company for less than 9 years X5 equals 1 if the effective date of the insurance contact is between January and July X6 equals 1 if the effective date of the insurance contact is in July X7 equals 1 if the effective date of the insurance contact is on the first day of a month Table 4 Table 4 .3.
The objective of an insurer should be to maximize the number of cars insured at time . In this case, we are looking for a high value of parameters and , combined with low values for the other parameters and . The results suggests that some covariates have a great impact, such as marital status, or X6 identifying insured whose effective date is July 1 . Noted also that policyholders renewing their insurance contract on the first of each month also offer increased stability. Finally, as expected, the covariate X4, which identifies insured within the insurance company for less than 9 years, shows higher loyalty to their insurer. To test whether the explanatory variables are statistically significant, a Wald test was performed according to a confidence interval of 95% for each parameter. Consequently, 5 was not included in , and and 2 was not included in . 
Analysis
In this section, applications are presented using the estimated parameters found by regression in the previous section and shown in Table 4 .3. Thus, for example, even if we are working withˆ ,ˆ , orˆ , for simplicity, we will note those parameters by , , and .
We selected 5 profiles to represent the impact of market segmentation. Indeed, given that there are 96 possible profiles, only some typical insured will be used to show the results of our analyses.
The first selected profile is the best type of household E in terms of expected insured cars, while the worst profile corresponds to household A. For illustration, we also used 3 average types (B, C, D). Table 5 .1 expresses each profile in terms of their covariates.
We can see that the only difference between household types B and D lies in marital status.
As we can see by the results shown in Table 4 .3, this covariate has a significant impact on each parameter of the model. In Table 5 .2, the value of each parameter , , and is shown for each profile.
Expected number of insured cars
By using the probability generating function of the complete process presented in Section 3.1.1, interesting properties can be found. To simplify notations and computations, we will use the variable ( ) as the number of insured cars from an active or inactive insured, i.e.
( ) = ( ) × ( ).
Knowing that Pr( = ) = ( =0) , we can compute the expected number of insured cars ( ) by using:
(1) 1 −1 1.
We compute the expected value for our process by using equation (3.4) . We first took the derivative in respect to :
After, setting = 1 and = 1, the expected value can be found:
With similar computations, other moments of the distribution can be found, such as the variance or higher moments. Those computations can also be applied to all the other probability generating functions shown in the paper.
For each profile, the expected number of insured cars has been computed. The resulting function can be visualized in Figure 5 .1. For illustration, we set the value = 0, meaning that the insured are at the beginning of their contract, and that the next renewal will be in one year. In the Figure, we can clearly see the shock of each contract renewal, modeled by the parameter . Additionally, we can see a large difference between each profile, where for example, household E seems to be greatly more advantageous for insurers than household A.
Numerical values can be found in Table 5 .3, where the expected number of insured cars after 5 years, i.e. just after the renewal, is shown. We see that the initial number of insured cars linearly increases the expected value. Guelman et al. (2014) . In our case, we will assume that the insurance company makes a $1 profit for each one-year car exposure. This assumption can easily be modified to be more realistic. We also use an instant discount rate of . Therefore, to calculate the customer lifetime value, it is necessary to calculate the present value of future exposure until time using a continuous discount rate. The customer lifetime value will be denoted by , and is computed by integrating the variable ( ) such that:
by using Riemann sums. The expected value can be easily calculated such as:
In Table 5 .4, we show the expected value of each household if we suppose that the household has two insured cars at time = 0. In the long term, the differences become apparent between household profiles. Indeed, a household E is on average 2.5 times more profitable after 20 years than a household A.
Classically, in the marketing literature, it is uncommon to calculate the customer life value over a very large time horizon. However, we found it useful to compute this result because it allows us to obtain simple equations. 5) where is the number of insured cars at time = 0. The numerical results, shown in Table   5 .5, show a great disparity between the best and worst households. Consequently, in our case, an insurance company should target policyholders having the covariates of household E. Note that it is important to mention that we made an approximation with covariate 4 . We kept this covariate fixed, but it should change over time. However, this approximation is done only for household A.
Conclusion
We wanted to model the number of insured cars for each household. Starting with a simple Poisson process, it is possible to generalize many types of queuing models. The model proposed in this paper can be seen as a generalization of the / /∞ process. We add a new death level to the system, which allows the possibility of cancellation or non-renewal of the contracts. Justified by empirical data, we also propose a distinction between a canceled policy and an inactive insurance contract.
The proposed new model needs 4 parameters: one parameter that models the rate of addition of new cars on the insurance contract, a second parameter that models the rate of removal of insured vehicles, a third parameters that models the cancellation rate of the insurance policy, and finally we use a parameter that describes the rate of renewal. Statistical inference techniques allowed us to estimate each of these parameters, often by using the properties of the exponential distribution, and by conditioning on all possible events. Finally, because we worked with censored data, we have developed a way to estimate the parameters in the case where it is not possible to distinguish between the inactive contracts and the canceled insurance contracts.
We also proposed to generalize this new queuing system by adding some explanatory variables into each of the 4 parameters of the model. It was then possible to segment the portfolio and to determine which policyholders' profiles are more likely to add or remove vehicles from their insurance policy, cancel their contract or renew annually. The estimated parameters obtained help us to analyze the insurance portfolio in detail because we developed various kinds of useful statistics for insurers, such as the expected number of insured cars or customer lifetime value that calculates the future profits associated with an insured. As indicated in our numerical examples, we can see that the household E, more clearly identified by Table 5 .1, is far more profitable in the long term than the household A. Using our model, we believe that an insurer could adapt its marketing efforts to target certain types of insureds. Indeed, because they stay longer in the company, the insurers should be able to offer discounts to some insured profiles because they generate less administrative costs.
We are aware that the proposed model is not perfect. First, the explanatory variables should be more dynamic to reflect the change in household characteristics over time. For example, the covariate modeling the time insured within the company ( 4 ) should logically change over the year.
Nevertheless, we believe that this model offers a good approximation of the empirical data and
proposes an interesting first step in the modeling of the exposure time in insurance.
It may be appropriate to continue to improve the proposed model in the future. For example, we could add claims experience to the model. This could improve the fit of the model, mainly for parameter , which represents the renewal rate. Indeed, we intuitively believe that the behavior of the insured will not be the same if it claims during a year. This change in the insured's behavior would probably be related to a premium increase. In this sense, in such a generalization of the model, a system of experience rating could be introduced. One could also believe that the hunger for bonus phenomenon (see Lemaire 1976 , or Boucher et al. 2009 ) should also be added to obtain a more model and a more realistic approach.
Finally, note that in this analysis, only the evolution of households already in the portfolio is considered. Thus, the model does not include the arrival of new policies in the portfolio. Consequently, the number of insured households in the insurance portfolio decreases over time. However, the main purpose of the paper was to analyze the change in the number of insured cars in a specific household, as well as the behavior of the insured and the impact of household characteristics.
If an insurer wants to analyze the evolution of its entire portfolio, it should take into account the arrival of new households. This would allow it to calculate the monetary value of the portfolio (also called customer equity), analogous to the calculation leading to customer value life. We are currently working on that modeling.
